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Abstract. We consider semilinear wave equations with small initial data 
in two space dimensions. For a class of wave equations with cubic nonlin- 
earity, we show the global existence of small amplitude solutions, and give 
an asymptotic description of the solution as t — > cx) uniformly in a; € R^. In 
particular, our result implies the decay of the energy when the nonlinearity 
is dissipative. 



1. Introduction 

We consider the Cauchy problem for the following type of semilinear wave 
equations with small data: 

nu = F{du), (t, x) G (0, oo) X (1.1) 

u{0,x) = ef{x), dtu{0,x) = eg{x), x G M^ (1.2) 

where m is a real- valued unknown function of {t, x) G [0, oo) xM^, □ = d^—A = 
— {df + 9|), and du = {Oqu, diu, d2u) with the notation do = dt = d/dt, and 
dj = d/dxj (j = 1, 2). We suppose that /, G C^(M^; M). £ is a small positive 
parameter. We assume that the nonlinear term F = F{q) is a C°° function of 

q = (go,gi,g2) e R^. 

The local existence of classical solutions to f ll.ip - fll.2p is well known, and 
we are interested in the sufficient condition for the global existence of the 
solutions, and also in the asymptotic behavior of global solutions. We say 
that the small data global existence (or SDGE) holds if for any f,g & C^(]R^) 
there is a positive constant such that fll.ip - fll.2p possesses a global solution 
u G C°°([0, oo) X M^) for < e < £0- The case of cubic nonlinearity, that is 
to say F{q) = 0{\q\^) near g = 0, is critical in two space dimensions, because 
SDGE holds for some nonlinearity and fails for others. For example, SDGE 
does not hold for F = (dfu)^, however SDGE holds when F is cubic and the 
null condition for cubic terms (we refer to it as the cubic null condition) is 
satisfied (see Godin [4]). To be more specific, we say that F satisfies the cubic 
null condition if F^^\— 1,101,102) = for any co = (101,102) G where F^^^ 
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denotes the cubic homogeneous part of F, that is, 



= hm X~^F{Xq). 



The typical example satisfying the cubic null condition is 



2 



a=0 



with arbitrary constants Ca- The null condition was first introduced for sys- 
tems of nonlinear wave equations with quadratic nonlinearity in three space 
dimensions as a sufficient condition to ensure SDGE (see Klainerman [H] and 
Christodoulou |3]; note that the case of quadratic nonlinearity is critical in 
three space dimensions). The terms satisfying the null condition form an im- 
portant class of nonlinearity. We do not go into details, but the global existence 
under the null condition for the quasi-linear systems, even with quadratic non- 
linearity, in two space dimensions is also studied by many authors (see [I], [2], 
[8], [To], and [11] for example). 

Another important class of nonlinearity is the nonlinear dissipation. To 
explain the situation clearly, we consider the following equation in general 
space dimensions: 



C^([0,cx));L2(M")) for (y?,^) G Xp := H^(W')x{H\W)nL^PiW)) (see Lions- 



Strauss [T7] for instance). Here no smallness of the data is required. We define 
the energy norm by 



Mochizuki-Motai [18] proved that if n > 1 and 1 < p < 1 + 2/n, then the 
energy decays to zero, namely limt_>.oo ||w(t)||^; = for initial data belonging to 
a dense subset of Xp (see also Todorova-Yordanov [21] )• On the other hand, 
in the case of n > 2 and p > 1 + 2/(?7, — 1), it is also proved in [18] that the 
energy does not decay for a class of small initial data in Xp. To sum up, the 
result in [18] for n = 2 can be read as follows: The energy decays for initial 
data in a dense subset of Xp if 1 < p < 2, while the energy does not decay 
for small initial data if p > 3. There is a gap in the conditions for p, and it is 
quite interesting to investigate what happens for (11.31) with n = 2 and p = 3 
(or equivalently (II. ip with F{du) = —\dtu\'^dtu). 

The result above suggests that SDGE holds for the nonlinearity F{du) = 
— \dtu\'^dtu, though it does not satisfy the cubic null condition. Hence it is 
natural to expect that there is a sufficient condition for SDGE which is weaker 
than the cubic null condition and includes also the nonlinear dissipative terms. 
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Agemi conjectured that the condition 

F('=)(-l,wi,W2) > 0, CO = {uji,uj2) eS^ (1.5) 

imphes SDGE. This conjecture was proved to be true by Hoshiga [9] and 
Kubo [15] independently. Moreover some asymptotic pointwise behavior of 
global solutions under (II. 5p is obtained in [15] (see also Hayashi-Naumkin- 
Sunagawa [5] and Sunagawa [20] for related results on nonlinear Schrodinger 
equations and nonlinear Klein-Gordon equations, respectively). Let us restrict 
our attention to the case of the nonlinear dissipative term F{du) = —\dtu\'^dtu. 
Then, it follows from [13] that 

/ r \ "^^^ t 

\du{t,x)\<Cr-'/' (log |^_^^^|^ J , ^>2 + l 

with some positive constant C, where r = This estimate is improved in 
[19] as follows: 

\duit,x)\ < Cri/'min|(logt)"'/',£(l + |r-t|)-''| 

for {t,x) G [2, oo) X with < < 1/2. However this is still insufficient in 
order to say something about the decay of the energy. 

In this paper we will further improve the pointwise estimate of du under the 
condition (II. 5p . and show that the energy decays to zero if we consider (11.11) 
with F{du) = —\dtu\'^dtu (or (II. 3p with n = 2 and p = 3 in other words) for 
small C^-data (in fact, complex- valued solutions will be considered). 

2. The main result and its applications 

2.1. Global existence and asymptotic pointwise behavior. In what fol- 
lows, we consider the initial value problem (ll.ip - (ll.2p for complex-valued data 
with the nonlinearity 

2 

F{du) = Pabc{daU){dhU)id~^) (2.1) 

a,b,c=0 

with complex constants Pabc in order that we can catch up two kinds of in- 
teresting nonhnearities F{du) = —\dtu\'^ (dfu) and F{du) = ildtul"^ (dtu) (see 
Subsections 12.21 and 12.31 below). Here and hereafter, z denotes the complex 
conjugate of z G C and the symbol i always stands for a/— 1. We also use the 
notation {z) = a/1 + \z\'^. The following theorem is our main result. 

Theorem 2.1. Assume that (12. ip is satisfied. We also assume 

ReF{u)>0, u = {uo,u) e {-1} x§\ (2.2) 

Let n be a sufficiently small positive constant satisfying < fi < 1/10, say. 
Then, for any f,g & C^(]R^;C), there exists a positive constant sq such that 
(ll.ip - (ll.2p admits a unique global classical solution u G C°°([0,oo) x M^;C) 
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for any e G (0,£:o]- Moreover, there is a function Pq of (cr, a;) G M x S-*^, which 
satisfies 

\Po{a,cu)\<CE{a)^'-\ ((T,a;)GMx§^ (2.3) 

with a positive constant C, such that 

du{t,x) = u{x)t-^/^P(logt, \x\ - t, \x\-^x) + 0{et^^'-^^'^\t - \x\)-^^') (2.4) 

for any {t,x) G [l,C)o) x M?, where w(a;) = (— 1, |a;|~"^a;2) for x = 

{xuX2) G R^, and P = P{t, a, u) is defined as a solution to 

drP{r, a,uj) = - {F{oo)/2) |P(r, a, uj)\'P{r, a, a;), r > 0, 
P{0,a,u) = Po{a,uj) ^ ' ^ 

with Co = {—l,uj). Here the constant C is independent of e. 

Remark 2.1. (1) It is well known that if / = (7 = for \x\ > R, then u{t, x) = 
for \x\ > t+R (see Hormander [7] for instance). Hence t is equivalent to 
in supp-u(t, ■) when t > 1. 

(2) P{T,a,u) in the above theorem can be exphcitly solved as 

exp (— i0(r, cr, (jj)) 
Vl + (ReF(cI;))|Po(a,a;)|V 

with 

= h^^Fi^)) f T-7^^TT^^( W-,dT'. (2.7) 

2 Jq 1 + (ReF(w)) |Po(o-,c^)rr' 

From (12. 6p . we have 

|P(r,a,a;)| < (2.8) 
Vl + (ReF(c2;))|Po(^,u;)|V 

(3) We can add higher order nonlinear terms to (12. ip . but the result becomes 
slightly weaker from the viewpoint of the estimate for the remainder term: 
Theorem 12.11 remains valid if we replace (12. ip by 

2 

F{du) = ^ Pabcidau){dbu) (dcu) + 0{\du\'^) near du = 0, 

a,6,c=0 

F in (12. 2p as well as in (I23|) by P(^), and 0(et^^"(3/2) (t _ |a;|)-3M) by 
Oief'-^it-lxl)-'/^). □ 

We will prove Theorem 12. II in Section |6] after some preparation given in Sec- 
tions [3l H] and [5l Compared to the method by Kubo [15j, the most different 
point in our proof is the choice of the equation ( 12. 5 p for the asymptotics. Care- 
ful treatment of the factor (t — is also quite important in our improvement. 

In the following subsections, we discuss what we can see from Theorem 12.11 
particularly in the cases of F{du) = —\dtu\'^dtu (Subsection 12.21) and F{du) = 
i\dtu\'^dtu (Subsection 12. 3p . 
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2.2. The case of nonhnear dissipation: The decay of the energy. We 

focus on the case where the inequahty in (12. 2p is strict, i.e., 

Co := minReF(c:;) > 0. (2.9) 

The typical example satisfying (12. 9p is F{du) = —\dtu\'^{dtu). In this case, it 
follows from (Q and (EHD that 

|P(r, a,u)\< min ( Ce{ar-' ] . 

Hence, by (12. 4p we can find a positive constant C such that 

\duit,x)\ < Ct-^/^ mm {{\ogt)-^/^,e{t-\x\)''-^} (2.10) 

for (t,x) G [2, oo) X M?. This estimate says that du decays like (tlogt)^^/^ 
along the line l^j := {(t, x); \x\—t = a} for each o" G M. On the other hand, for 
the solution uo to the free wave equation Duq = with C^-data, it is known 
that duo decays at the rate of t"^/^ along 1^^. Hence (I2.10p tells us that du has 
a gain of (logt)~^/^ in the pointwise decay compared to Ouq. Moreover, from 
(12.101) we obtain the following decay of the energy: 

Corollary 2.2. Suppose that (12.11) and (12. 9p are fulfilled, and let < fi < 
1/10. Then for any f,g e C^{R'^;C), the global solution u to ffLT]) - fOj) 
satisfies 

\\u{t)\\l <Ce^(logty^, t>2 
with some positive constant C , provided that e is sufficiently small. 

The proof for this result will be given in Section [71 This corollary says that 
the energy non-decay result of Mochizuki-Motai |18j fails for n = 2 and p = 3. 
It also suggests that the energy decay result in [18] holds also for n = 2 and 
2 < p < 3, but this is still an open problem (note that the energy decay for 
n = 2 and p = 3 established here is only for small C^-data). 

2.3. The case without dissipation: Logarithmic correction of the 
phase. We say that the global solution u to (ll.ll) - (ll.2l) is asymptotically free 
(in the energy sense) if there is ((/9+,?/'+) G H^{M?) x L^(M^) such that 

lim \\u{t) — u+{t) 11^; = 0, 

where u+ is the solution to the free wave equation = in the energy 
class with initial data {u^,dtu+) = {ip+,ip+) at t = 0. Here H^(M?) is the 
completion of C^(R^) with respect to the norm ||0||£fi(]K2) = || V0||L2(]g2). It 
is proved in Katayama [13] (see also [T2]) that u is asymptotically free if and 
only if there is U = U{a, u) e L'^(RxE>^) such that 

^hm||5M(t,-)-^(-)^(t,-)|L2(R2) = 0, 
where uj{x) = (— 1, a;2/|a;|) and U {t, x) = \x\^^^'^U{\x\ — t,x/\x\). 
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Now we consider the case of 

ReF(w) = 0, ujeS\ (2.11) 

which is stronger than 02.21) but weaker than the cubic null condition. In this 
case, P can be written as 

P(r, a, u) = Po{cT, u) exp (^-iQ{a, u)t^ (2.12) 

with Q{a,u) = {lmF{u)) \Po{a,u)\'^ /2{e R). Hence we find from (I23D that 
du decays at the same rate of as the derivatives of the free solution uq 
along the line l„ for each a. By O, (El]), and f l232|) . we get 

\\du{t,.)~u{-)p{tr)\\,,^^,^ <cet'^-^'/'^\\\ ■ r/'{t-\ . r^'-(^/^)L.(j,.) 

<C£t''^-(i/2) ^0 {t^ oo), (2.13) 

where P{t,x) = \x\-'^/^P{\ogt,\x\ -t,x/\x\). Moreover and fl2J^ lead 
to 

lim ||P(logt, -, ■)IU2((-oo -t)xsi) = 0. 

Therefore we find that u is asymptotically free if and only if there is U = 
U{a,uj) e L2(M X §1) such that 

lim ||P(r,-,-)-f^(-,-)llL2(RxSi) = 0. 

T— >00 

If we assume lmF{Lj) = for any G in addition, then P{T,a,uj) = 
Po{a,u). Furthermore we see from (12. 3p that Pq G L^(M x S^). Hence we 
conclude that the solution u is asymptotically free. For this case, we have 
F{uj) = and the cubic null condition (for the complex case) is satisfied. 
Typical examples are F = (dau) (jdtu\'^ — |(9iMp — |(?2Mp) or (dau) [{dtu)"^ — 
{diuy — ((92m)^), as well as F = {dau){{dbu){dcu) — {dcu){dbu)) for a, 6, c = 
0,1,2. 

The situation is different if ImF(a)) ^ 0. For example, take F{du) = 
ildtul"^ (dtu) so that P(w) = —i- Then it is easy to show ||M(t)||s = [[^(O)!!^. 
By (I232|) we get 

P{r,a,u) = Po{a,u)exp (^^\Po{a,u)\^r 

and we can easily see that P{t) does not converge to any function in L^(]R x E>^) 
as r — > oo unless Pq = 0. Because of the conservation of the energy, we can 
show that if Pq = then (/, g) = (0, 0). Hence we see that the global solution 
u for small e is not asymptotically free unless (/, g) = (0, 0), though the energy 
is preserved. Such a phenomenon never occurs in the real-valued case. 
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3. Preliminaries 

We introduce 

2 

S -.=181 + Xjdj 

L ={Li, L2) := {tdi + xidt, td2 + X2dt), Vt := Xid2 - a;2i9i, 

and we set 

r = (Fo, Ti, . . . , Te) = Li, L2, 9o, 9i, ^s). 

With a multi-index a = (ao, ai, • • • , ae) G N^, we write = T^or^^ ■ ■ • Tg", 
where Nq denotes the set of nonnegative integers. For a smooth function 
if) = ip{t,x) and a nonnegative integer s, we define 

mt,x)\s=J2 irXt,a;)|, ||^WII.= ^ ||rxt,-)IU^(M2). 

|a|<s |o|<s 

It is easy to see that [□, ^]] = [□, Lj] = [□, da] = for j = 1, 2 and a = 0, 1, 2, 
where [A, B] = AB — BA for the operators A and 5. We also have [□,5'] = 2n. 
Therefore for any a = {ao, ai, . . . , a^) G Mq and a smooth function ip, we have 

□r^V' = {To + 2)"«r°^ ■ ■ ■ V^'^ai/j =: f"n?/'. (3.1) 

We can check that we have [r„ T,] = Eo<c<7 ^f^c and [r„ 8^] = Eo<c<2 Bfd, 
with appropriate constants A^'^ and B^^. Hence for any a, (3 & Nq, and any 
nonnegative integer s, there exist positive constants Ca,i3 and Cs such that 

|r-rV(t,x)| < c^,^m,x)\i^i+i^i, (3.2) 
c,-i|av'(t,x)|, < 5^ ^ |9,r^^(t,x)| <c,|av'(t,x)|, (3.3) 

0<a<2 |7|<s 

for any smooth function tp. 

Using these vector fields, we obtain a good decay estimate for the solution 
to the inhomogeneous wave equation. Let < T < oo. 

Lemma 3.1 (Hormander's L^-L°° estimate). Let v he a smooth solution to 

Uv{t, x) = ^(t, x), (t, x) e (0, T) X R2 

with initial data v = dtv = at t = 0. Then there exists a universal positive 
constant C such that 

{t+\x\y/'\v{t,x)\<C t ( [ J^^iy)^dy) dr, 0<t<T. 

See Hormander [6] for the proof (similar estimates for arbitrary space di- 
mensions are also available there). 

The vector fields in F also play an important role in the reduction of the 
analysis of semilinear wave equations to that of the corresponding ordinary 
differential equations (or ODEs in short). We use the polar coordinates {r,9) 
to write x = {xi,X2) = (r cos ^, r sin 6*) with r = \x\ and 6* G M. We put 
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u = {ui,U2) = x/\x\ = (cos 6^, sin 6*). Then we have dr = Yl'i=i^j^jy 



di = uidr - -de, 82 = uj2dr + -de- (3.4) 
r r 



de = Xid2 — X2di = il. We also have 
We put 

d± = dt± dr. 
Then, for a smooth function ip, we get 

rV2n^ = 9+(9_(ri/V) - r'^^^ (^d'^tp + ^tp^ . (3.5) 

Since ^ ^ ^ 

-de = -{xid2 - X2<9i) = -{UJ1L2 - UJ2L1), 
r r t 

it follows from (13.41) that 

<C{t + r)-'m,x)\i (3.6) 



-deij(t,x) 
r 



IdjIpitjX) — UjdrlpitjX)] < 

for any ^ G C\[0,T) x R^). 

We put Uq = —1 and u = (wq, Wi, ^2)- For simplicity of exposition, we 
introduce 

D± = ±^d± = ^{dr±dt). 

Lemma 3.2. There exists a positive constant C such that 

\dij{t,x) -idD_ij{t,x)\ < C{t + r)-'^\ilj{t,x)\i (3.7) 
foripe C\[0,T) X M2) and (t,x) G [0,T) x (R^ \ {0}). 

Proof. Because S = tdt + Tdr, if we put Lr = tdr + rdt = Y^'j=i ^j^jy then we 
get 

Since we have dt = — -D- + -D+ and dr = -D- + -D+, we find that {dtiplt, x) — 
uJoD_ilj(t,x)\ and \drip(t,x) — D^ip(t,x)\ are bounded by C(t + r)~-'^|?/'(t, x)|i. 
Hence we obtain fl3.7p with the help of (13. 6p . □ 

We define 

At := {{t,x) e [0,T) x R^- ^ > t/2 > 1}. 

Observe that we have r^^ < 4(1 + t + r)^^ for (t,x) G Ay. We compute 
D^^r^^'^ip) = r^/'^D^ip + r^^^'^ip/A. Thus from (13.71) we obtain the following. 

Corollary 3.3. There is a positive constant C such that 

y^d^jit^x) - CjD_{r^/^ij{t,x)) \ < C(t + r)-i/2|^(t,x)|i 

for {t,x) G At and ^p e C\[Q,T) x R^). 

The following lemma is due to Lindblad 
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Lemma 3.4. For any nonnegative integer s, there exists a positive constant 
Cs such that 

\dij{t,x)l<C,{t-r)-^\^{t,x)l+i, e [0,T) X (g.g) 

for anyip G C'+'^{\Q,T) x R^). 

Proof. In view of (13. 2p and (13. 3p . it suffices to prove (13. 8p for s = 0. As in the 
proof of Lemma IX^ we put = tdr + rdt- Then we have 

{t - r)dt^ = J_ (t^ - rU) ^, [t - r)dr^P = {tU - rS) ^. 

t + r t + r 

Hence we get {t — r){\dtip\ + \drip\) < C\%Ij\i, which leads to (13. 8 p for s = with 
the help of □ 

4. Reduction to simplified equations 

Let < T < cx), and let u be the solution to on [0, T) x M^, We 

suppose that 

supp / U supp g C Br (4.1) 

for some R > 0, where B]\i = {x G R^; |x| < M} for M > 0. Then, from the 
finite propagation property, we have 

supp u(t, ■) C Bt+R, 0<t<T. (4.2) 

In what follows, we put r = u = {coi,U2) = \x\~^x, and coq = —1. We 
write u = {uo,uj) = (—1,0;). We define 

U{t,x) := D_(r^/2^(t,x)), (t,x) G [0,T) x (M^ \ {Q}). 

From (II. ip and (13. 5p . we get 

d+U{t,x) = -—F{u)\U{t,x)\'^U{t,x) + H{t,x), (4.3) 
2/- 

where H = H{t, x) is given by 

H = -l {r'''F{du) - t-'F{uj)\U\'U) - ^ [dlu + \u 

(14.31) plays an important role in our analysis. 

We also need the following to estimate the generalized derivative V^u for 
a multi-index a = (ao, ai, . . . , ae) £ ^l- (13. ip and (II. ip yield □(F^n) = 
F" {F{du)), which leads to 

5+f/(") = -^i^(^) (2|[/pt/(") + [/2!7H j + H^^ (4.4) 
where we have put 

U^''\t,x) := D_{r^^^T''uit,x)), 
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and Ha = Hait, x) is given by 

Note that U = f/(") if |a| = 0. 
We put 

A^^^ := {(t, x) e [0, T) X M^; 1 < t/2 < r < t + R}. (4.5) 

Note that we have 

(1 + t + r)-^ < r--^ < 2t-^ < 3(1 + t)-^ <3{R + 2){l + t + r)"^ 

for {t, x) G At^r. In other words, the weights {t + r)^\ (1 + t)^^, r~^, and 
are equivalent to each other in At.r- For nonnegative integer s, we define 

\u{t,x)\is ■■= \du{t,x)\s + {t + r)-'^\u{t,x)\s+i. (4.6) 
For |a| < s, Corollary 13.31 and (13.31) immediately imply that 

\U^''\t,x)\<Cy/'\u{t,x\, (4.7) 

for {t,x) G Ay /J with some positive constant Cs- Our final goal in this section 
is to prove the following. 

Proposition 4.1. Suppose that (12.11) is fulfilled. Let s be a positive integer, 

and suppose that 1 < |a| < s. Then there are positive constants C and Cs 
such that 

\H{t,x)\ <C(t-^/V|J^o|w|i+^~'^Vl2), (4.8) 

\Ha{t,x)\ <C,(rV>|2jn|,+i + rV2|5«|3_^+r3/2|^|^^^) (4_9) 

for {t,x) G At,r. 

Before we proceed to the proof of Proposition 14. H we show one lemma. For 
a,b,c = 0,1,2, we define 

Qabc ■= r^^^{daU){dbU){dcU) - r~^UJaUJbU}c\U\'^U. 

For a multi-index a G Ng, we also define 

Q£1 := ^'^T- {{dau){dbu)(d-il)) - r~'u,UbUJ, (2|[/|2f/W + t/W) . 

Lemma 4.2. Let \a\ < s. Then there are positive constants C and Cg such 
that 

\Qabc\ <ct-^'MlMi^ (4-10) 

IQSI <Cs{t'''Mls\uUi + r'"\du\U) (4.11) 

for {t,x) G At,r. 
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Proof. Suppose that (t, x) G At^r- By (14. 7p and Corollary 13. 3[ we get 



\Qabc\ =r-i((rV25„M)(ri/25,M)(ri/29,M) -a;,a;,u;,|t/|2f/) 
<Cr-Wr^/^du\ + \U\y\r^/^du - idU\ 

<Ct-^^^\u\lo\u\i. (4.12) 
Let |a| < s. In view of (13.21) and (13. 3p we obtain 

T"{{dau){d,u)id~il)) - < Cs\du\l/,^\dul.^ < C,\du\U (4.13) 
with some positive integer Cs, where 

Similarly to (I4.12p . we get 

\r'^'R^ll - r-'uJaUJtoo,{2\U\'U^''^ + U^U^)\ < Cst-'/^\u\l\u\s+i. (4.14) 
The desired estimate fliAT]) follows from (KT^ and fOij) . □ 

Proof of Proposition \4.1\ Suppose that {t,x) G At,r. Recalling (12. ip . we get 

r^/^F{du)-r-^F{tu)\U\^U = EaAcP-^cQabc, and Lemma yields 

y/^F{du) - r-'F{u)\U\^U\ < Cr^/>|Jo|M|i. (4.15) 
Using (14. 7p and Lemma 13^ we get 



[r ^ -r^)F{u)\U\^U\ <Ct-^r-\t - ry/^lullo 



<Ct-'^/^\u\lo{{t - r)\du\ + \u\i) 
<Ct-'^^'^\u\lo\u\i. (4.16) 



It is clear that we have 

r-''/^\d^gU + u/4\ < Ct-^/^\u\2. (4.17) 

Now (iSD follows from ( KWf . KWf . and ( KT7\f . 

Using (14. lip instead of (I4.10p . we can show (14. 9 p in a similar manner. □ 

5. A KEY LEMMA FOR ORDINARY DIFFERENTIAL EQUATIONS 

Let to > 1- Motivated by (14. 3p . we consider the initial value problem for the 
following kind of ODE: 

z'{t) = -^\z{t)\^z{t) + J{t), to<t<oo, (5.1) 

z{to) = Zo, (5.2) 

where K, zq G C, and J G C([to, oo); C) . The following lemma is a refinement 
of the ones obtained in Hayashi-Naumkin-Sunagawa [S] and Sunagawa 
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Lemma 5.1. Let £:>0, ctgM, p>l, 0<;U<p — 1, and k > 0. Suppose 
that ReK > 0. We assume that there are positive constants Kq and Eq such 
that 

\K\ <Ko, 

\J{t)\<Eoe{a)'H-', t>to. 

We also assume that there is a positive constant cq such that 

Co^a) <to < Co{a). (5.3) 

Then fl5.ip - fl5.2p admits a unique global solution z G C^{[tQ, oo); C), and there 
is a positive constant Cq = Cq{Eq,cq, p) such that we have 

\z{t)\ < Co6{a)-^-P+\ to<t<oo. (5.4) 

Moreover there is a positive constant ei = ei{Ko, Eo,co, p, n) such that if < 
e < El, then we can find po E C satisfying 

\z{t) - p{logt)\ <Cie{a)-^-n-''+^^\ t > to, (5.5) 
bol <C,6{a)-^-^^\ (5.6) 

where p{t) is a solution to 

p'{T) = -f\p{T)\Mr), r>0, 

p{0)=Po, ^ ^ 

and Ci = Ci{Ko, Eo,co, p, p) is a positive constant. 

Proof We put u = n + p — 1{> 0). Let z be the solution to (EI])-(E2D for 
tQ < t < Tq with some Tq{> Iq). Since Ref^ > 0, it follows from f l5.ip that 

= -^kWr + 2Re(J(t)i(t)) < 2| J(t)| \z{t)l 

which yields 

\z{t)\ <\zo\ + j'^ \J{r)\dT < EoB (^{a)-'' + (a)-'^ r'^dr^ 

for to < t < Tq. With this a priori bound and the local existence theorem 
for ODEs, we can easily show the global existence of the unique solution z to 
and we obtain (^^. 
Now we turn our attention to the asymptotic behavior of z. In what follows, 
C stands for various positive constants that can be determined only by Kq, 
Eq, Cq, p, and p. The actual value of C may change line by line. 
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Let ^ and rj be the solution to the system of ODEs 

= -^^I^WI'^W + At)VW), t > to, (5.8) 

V'{t) = ^m\^ t>to, (5.9) 

e(to) = zo, v{to) = 1. (5.10) 



We can easily check that z{t) = iif)/ \/rj{t) as long as (^, rf) exists. 

By the local existence theorem for ODEs, there is a local solution (^, 77) on 
\tQ,Ti) with some Ti(> to). For to < < ^1, we put 

NU, := sup 

to<t<To 

Then we get < 7]'{t) < KoM^^t'^ for to < t < tq, which leads to 

1 < Vit) < 1 + KoMl log(t/to), to<t< To. (5.11) 
By (15. 8p we obtain 
d 



j^m\' = 2Re [m -rnVW)) < mmmivW), 

which, in combination with (15. lip , yields 

\m\<\^o\+ f\J{r)\^)dT 

to 



<Ce (^{a)-^ + (a)-'^^^ T-P [l + M,,^J^^ dr^ (5.12) 

for to < t < Tq. Since we have logt < Cfjp'p for t > 1 with a positive constant 
C^, and since —p + /i + 1 < 0, we get 

/ T-P J log -dr < Ct^P [ T'P+PdT < Ct^P-^^ < C{a)-P+\ t > to- 
Jto V ''^o Jto 

Hence we obtain from (I5.12p that 



< Ceia)-" + Ceiay-'Mro < Ce{a)-' + -M,„ (5.13) 



1 
2 

for < £ < 52 := 1/(2C) (with the constant C from fl5.13p ). which yields 



sup \m\=]Mr,<Ce{a)-\ (5.14) 

provided that < £ < £2- With the a priori bound f l5.14p as well as (15. lip , we 
see that the solution (^, rf) exists globally in time, and we also have 

\m\ < Ceia)-'', 1 < vit) < l + Ce'logl< 1 + Ce' (f)'' (5-15) 

to V'-o/ 

for t >to, provided that < e < 62- 
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We assume < e < 62 from now on. We put 
Then (15.81) implies 
We define 



to 



00 



z+ ■.= Zo+ e'''^^\Jir)y^dT, e+W := 6-^^^^+. 
Then we obtain 

POO 

\Ut)-m\< \J{r)\VW)dT 



<Ce{a)-^-n-f'+^'+\ t > to. (5.16) 

Especially we have 
which shows 

\z+\ < Ce{a)-\ (5.17) 
Observing that \z^\ = \^+(t)\, we obtain from (I5.16P and (I5.17P that 

<im\ + \z+\)m-ut)\<ce'{a)-'^—n-''+'^^' (5.18) 

for t >to. We define 

3K) I b^Ploe 



V^{t) := 1 + {Re K){\z^\' log I + T MllL^rf^ ) , t > 1. 







Since (15. 9p implies that 



T]{t) = 1 + (ReK) \z+\^\og-+ / ^^^^ ^rfr , t > t 



to J to 



ie(r) 



|2 



''0 



we obtain from (15.181) that 



I If frlP - \z PI 

m - Voo{t)\ < Ko I ^-^dr < Ce^{a)—^-^t-P-'^+^ (5.19) 



r 

for t > to. Especially we have rjooito) > 1 — Ce"^, which leads to 

Voo{t)>l-Ce^-Ko\z+\Hogto>l-Ce'^-Ce'^{a)-'^''\ogto, t>l (5.20) 

with the help of (15.171) . By (15.30 . there is a positive constant Ci = Ci(co,p) 
such that we have 

(a)-2nogto < log(co(a)) < Ci, a G R. 



THE ENERGY DECAY AND ASYMPTOTICS FOR WAVE EQUATIONS 

If we put 

El := mill 



1 



1 



.£2 



with the constant C coming from 



4C" V 4ciC" 
then we get 



Vo.{t) > -, t>l 

for < £ < El. 

From now on, we assume that < e < ^i. We set 



60 : = 



ImK 



ImK 



-dr, t > 1 



to 'rrioo[T) 



to 



From dSHD, f lHTTjl . dSHD, dEH, and flCTD . we obtain 



dr. 



for T > to, which yields 



< 



?7(r) 



|(eoo(t) + eo)-0(t)|<f^ 



le(r) 



<Ce^{a)-''-''-H-P+^'+\ t > to 



We define 



^oo{t) := e" 

Then fl5:22|) leads to 



-i0cx)(t) ('p-«©0 



^+), t > 1. 



-ie(t) 
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(5.21) 



(5.22) 



<|(eoo(t) + 60) - e(t)| \z+\ < ^r^+z^+i, (5.23) 

which, together with f l5.16p . yields 

\u{t) - m\ < C6{a)-^-^t-^+^+\ t > to. 
Observing that |^oo(i)| = by definition, we find that 

ImK 



(5.24) 



'2t7]^{t) 



for if: > 1. Hence if we put Zoo{t) = ^oo(^)/ a/^oo(^), then we get 

4w = -f koo(t)r^oo(t), t>i. 
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It follows from fl57[5|l . flBTTj) . flCTj) . f lCTjl . and flCT]) that 



|2;(t) -ZooWl < 



m-u{t)\ 



+ Za 



1 



1 



<Ce{a)-''-^'t-P+^+\ t > to 



(5.25) 



Finally we put po := Zoo(l)) and let p be the solution to fl5.7p . It is clear 
that Zoo(t) = p(logt) for t > 1. By flHTTj) and f lCTj) . we get 



eoc(l) 



(5.26) 



We obtain f l5.5p and fl5.6p from f l5.25p and f l5.26p . This completes the proof. □ 

6. Proof of Theorem 12.11 

In this section we prove Theorem 12. 1[ Let m be a smooth solution to (11. ip - 
(ll.2p on [0,T) X for some T > 0. For a positive integer k, and positive 
constants A and /i, we define 

ek,x,M{T) := sup {{1 + tY/'{t - ry-^^\du{t,x)\ 

(i,a06[O,T)xR2 

+ (l + t)(i-^)/2(t_r)i-^|9w(t,x)|,}, 

where r = Our first aim here is to prove the following, from which the 
global existence part of Theorem 12.11 follows: 



Proposition 6.1. Suppose that the assumptions in Theorem \2.1\ are fulfilled. 
Let k > 2 and < fi < 1/10. If < 2k\ < /i/6, then we can find a positive 
constant tuq = mQ{k, X, fi) having the following property: For any m > mg 
there is a positive constant Eq = eo{m, k, A, /i) such that 

ek,x,M{T)<me (6.1) 

implies 

m 

ek,xMiT) < -e, (6.2) 

provided that < e < Sq- 



Proof. Assume that (16. ip is satisfied. In the following we always suppose 
that < t < T. We also suppose that m > 1, and that e is small enough to 
satisfy me < 1. The letter C in this proof stands for a positive constant which 
may depend on fc, A, and /x, but are independent of m, e, and T. The proof is 
divided into several steps. 

Step 1: The energy estimates. For / < 2k, it follows from (16. ip that 

\F{du)\i<C{\du\^\du\i+\du\l\du\i.,) 



<^mV(l + t)-^\du\i + CmV(l + tY~^\du\ 



(6.3) 
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with a positive constant C* = C*{k, A, /i), where terms including |c?M|i_i should 
be neglected if Z = 0. 

From the energy inequality and (16 .Sp with / = 0, we get 

\\du{t)\\o <Ce + C*mh^ [\l + r)-'\\duir)\\odT. 

Jo 

Gronwall's lemma implies 

\\du{t)\\o<Ce{l + tf''"^"'\ (6.4) 

We are going to prove that there are positive constants Bi = Bi{k,X,fi) for 
0<l <2k such that 

\\du{t)\\i<Bie{l + tf*"^'''+'^ (6.5) 

for < / < 2k. Indeed (16. 5p for / = follows from (16. 4p . Suppose that (16.51) is 
true for some < / < 2A; — 1. Then, by (16. 3p we get 

\\duit)\\i+, <C6 + C*mh' [\l + T)-'\\du{T)\\i+idr 

Jo 

+ CBimh' [\l + r)^*™'-'+^('+i)-idr. 
Jo 

Then Gronwall's lemma yields 

\\du{t) 11^+1 < Ce{l + tf*^"'" + C ^.^' . mV(l + t)C*m^e2+Aa+i)^ 

A(/ + 1) 

which inductively implies the desired result because me < 1. 

Step 2: Decay estimates of generalized derivatives of higher order. 

We suppose that e is so small to satisfy C*m'^e'^ < /x/6, where the constant C* 
is from (16. 5p . Then (16. 5p for / = 2k implies 

\\duit)\\2k<Ceil + tr/\ (6.6) 

because we have assumed 2k\ < fi/6. (16.61) yields 



\F{du){T,y)Udy <Cme{l + rY'-'y'\\du{T)\\l, 

<CmE'^{l + r)^-(i/2) < ^^(^ ^ ^)M-(i/2)^ 

because A/2 < /i/3. It is well known that we have \uo{t, x)\2k^i < Ce{l + t)^^^'^ 
for the solution uq to Ouq = with initial data {uo,dtUo) = {ef,eg) at t = 
(see [7j for instance). Hence, by Lemma ISTD we get 

Jo Jr^ (l + r)V2 

<Ce{l + tY (6.7) 
for {t,x) G [0,T) X M^. From Lemma [3.41 we obtain 

\du{t,x)\2k-2 < C{t - r)-'\uit, x)\2k-i < C6{1 + t)^-(i/2)(t - r)-i (6.8) 
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for {t,x) G [0,T) X 

Suppose that i? is a positive number to satisfy (14. ip . so that we have f l4.2p . 
Recall the definition (03]) of At,r. We put A^^^ := ([0,T) x M^) \ At,r. 
If we have either t/2<lorr<t/2, then we get 

(t-r)-i < C{t + r)-\ 

If r > t + R, then we have u{t, x) = by fl4.2p . Hence (16.80 implies 

sup il+tY/^t-rY~^\duit,x)\2k-2<Ce. (6.9) 

Step 3: Decay estimates for generalized derivatives of lower order. 

We suppose that (t,x) = (t,njj) G Aj-/? throughout this step. Recall that t~^, 
r~\ (1 + t)~^, and {t + r)~^ are equivalent to each other. We define U, U^°'\ 
H, and as in Section |H 
By dSTD and ([SSD, we get 

Ht,x)yk-2 < Cef^-^'/^^t - r)-\ (6.10) 
where x)|jj,2fe-2 is defined by (14. 6p . Hence we obtain from (14. 7p that 

J2 \U^'"Ht,x)\<Cetf'{t-r)-\ 

\a\<2k-2 

If t/2 = r or t/2 = 1, then we have < C{t — r)^, and we obtain 

(t,x) I < Ce(t-r)^~^ when either t/2 = r or t/2 = 1. (6.11) 

|Q|<2fc-2 

By Corollary 13.31 and (16.71) , we get 

|ri/2^r°M| < C ^ |f/(")| +C£t^-\ /<2A;-2. (6.12) 

\a\<l \a\<l 

Recall that < < 1/10. By (Q, (Ein]), and Proposition O we get 

\H{t,x)\ <C{eH'^^'-^{t-r)-^ + 6t''-^) < Cet^^-\t - r^^^". (6.13) 

We define ^0,0- = max{2, — 2cr} for a < R. Note that the line segment 
{(t, (t + a)uj)] < t < T}, with a < R and w G being fixed, meets the 
boundary of Is.j'^r at the point (to.o-, (^0,0- + o")a;). We have 

(1 + i?)"^(a) < V < 2(1 + |a|) < 2V2(a), a < i?. (6.14) 

We define 

for < t < T, a < i?, and w G §^ Then (jO]) leads to 

VUt) = -lF(a;)|K,.(t)PK,^(t) + Hit, (t + a)u) (6.15) 

for to,a <t<T. Note that by (16.1 ip we have 

KAto,a)\<Ce{aY-\ (6.16) 
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for cr < i? and G §^ . By (16.131) , (16.141) , and (16.161) , we can apply Lemma 15.11 
to (16.151) (with p = 2 — 3/i, and k = 2/i): (15. 4p implies that 

KAt)\<Ce{aY-\ t>to,a, (6.17) 

where C is a constant independent of a and u (note that < p < 1/10 < p—1 
and K + p - 1 = 1 - p). Now we get \U{t,ruj)\ = < Ce{t - r)^-\ 

and with the help of (16.121) for / = we obtain 

sup {l + tf^{t-ry-^'\u{t,x)\<Ce. (6.18) 

(t,x)eAT,R 

Let I a I < k. For a nonnegative integer s, we set 

U^^\t,x) := 5^|f/(°)(t,x)|. 

|a|<s 

By fl612|l we get 

|9M(t,x)||,|_i <C(r^/2^(l"l-^)(t,x)+£t'^-(=^/2))_ (6.19) 

We obtain from (16.101) . (I6.19p . and Proposition 14.11 that 

\Hait, x)\ <C (^eH^^~^t - r)-2 + et^-^ + eV^"^ + (Wd^l-^H^, a;))') , 

<Cet^^'~^t - r)-2M + cr^ {U^\^\-^\t, x)f. (6.20) 

We put 

V^^{t) = U'^'^\t,{t + a)uj) 
foT <t <T, a < R, and u e §^ From (|131) we get 

(K^"J)'(t) = - ^ (2|K.,.(t)|ViJ(t) + 

+ {t + CT)uj) 

for to,cr <t<T. Hence by (16.161) and (I6.20p we obtain 

||v;("J(t)p = - Re (2|K,.(t)nv;(:)(t)p + {v.At)Y^^))' 



+ 2Re [H^{t,{t + a)uo)V^i{t) 



< 
- t 
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for to^^ < t < T, where Val{t) := X]|a|<s \^<^^{t)\, and = C^{k,X,n) is a 
positive constant. Therefore it follows from (16. lip that 

+ C f r-^'^'-\V^}t'\^)Ydr 
for to,o- <t<T, which leads to 

■J to,cr 

for to,cr < t < T and 1 < I < k. Using this inequality, we are going to prove 
that 

V^l{t)<Biet''-'''*'\ar-' (6.21) 

for to,(T <t<T and 1 < / < A; with some positive constant Bi = Bi{k, A, fj,). By 
(16.171) we have v!^l{t) < BQe{a)'^^^ with a positive constant Bq = BQ{k, A,/i). 
Hence we get 

POO ^ 

with Bi = C + CC^^Bl which leads to 

V!^lit)<B,e{ar'H^*^\ 

and (I6.2ip for / = 1 is shown. Next, suppose that (I6.2ip is true for some / with 
1 < / < A; — 1. Then we get 

with Bi+i = C + CC-\3^ - ly^Bf, and we obtain 

which is (16.211) with / replaced by Z + 1. Now (16.210 for 1 < / < /c is established. 
By (16.211) . we obtain 

\U^''\t,x)\<Ceil + tf-'''*^\t-rr-\ it,x)eAT,R, 

\a\<k 

which yields 

\du{t, x)\k<C6{l + t f-'0,e--W2) _ (^^ ^) g ^^^^ (g_22) 
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with the help of (16.121) . If we choose sufficiently small e to satisfy 

t-^C,e^ < A/2, 

it follows from (KT2^ that 

sup {l + tY^-^^/^t-ry-^'\du{t,x)\k<Ce. (6.23) 

it,x)£AT,R 

The final step. By (16. 9p . (I6.18p . and (I6.23p . we see that there exist two 
positive constants Eq = eo{m, k, A, /i) and Cq = Co{k, A, /x) such that 

ek,xAu]iT) < Coe (6.24) 

for < £ < £0 (note that we have 2k — 2 > k for k >2). If m > max{2Co, 1}, 
then (I6.24P implies (16. 2 p immediately. □ 

We are in a position to prove Theorem 12.11 

Proof of Theorem \2.1\ Let the assumptions in Theorem 12.11 be fulfilled. Sup- 
pose that M is a local solution to (Il.ip -f nr2|) on [0, T) x for some T > 0. 
We fix A and k as in Proposition 16.11 We also fix m satisfying m > mo and 

snp{ry-''{\du{t,x)\ + \du{t,x)\k)l_^ < -e, e> 0, 

where mo = mQ{k,X,fi) is from Proposition 16.11 Let Eq = eo{m, k, X, ^) also 
be from Proposition 16. 1[ We put 

= sup {t e [0, T) ; ek^x,i,{t) < me} . 

By the choice of m, we have > 0. Moreover we get = T for < e < Eq, 
because if T* < T then Proposition 16.11 implies euxtiiT^) < t^s/2 for < e < 
eo, and we obtain from the continuity of CkXiJ. that ek,\,^it^) < me for some 
t^: > T^:, which contradicts the definition of T*. Therefore we see that ekXfj.(t) 
cannot exceed me as long as the solution u exists. This a priori estimate and 
the local existence theorem implies the global existence of the solution u. We 
also see that (16. ip holds for some large m. 

Now we turn our attention to the asymptotic behavior. Because we have 
(16. ip . the estimates in the proof of Proposition 16.11 are valid. We go back 
to (I6.15p . and apply Lemma 15.11 with z(t) = K-,aj(t), K = F{u), J(t) = 
H(t, {t + (j)uj), to = to,a for each fixed (cr, u) G {—00, R] x (note that we can 
take p = 2 — 3/x and k = 2/i because of (I6.13p . (I6.14p . and (I6.16P ). Then we 
see that there exists Pq = Po{a,u) such that 

KAt) - Pi\ogt,a,u)\ < Cet^^-\a)-'^, t > V, (6.25) 

\Po{a,u)\<Ce{ay-\ (6.26) 

where P = P{t, a, u) is the solution to (12. 5p . and C is a constant independent 
of a and to. Recalling that D_(^r^^'^u{t, x)) = U{t,x) = Vr-t,u}{t) with r = |x| 
and u = \x\~^x, we obtain from (I6.25P that 

\D_{r^/\{t,x)) -P{\ogt,r-t,u)\ < Cet^^-\t - ry^^" (6.27) 
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for {t, x) G At,r- By Corollary 13.31 and (16. 7p we get 

y^^du{t, x) - uj{x)D_ {r^/\{t, x)) \ < Ce{l + (6.28) 

where w(a;) = (-1, a;/|a;|). Since flOB]) and yield |P(r,a,a;)| < C6{ay-\ 
we have 

|(r-V2 _ rV2)p(iogt,r - t,co)\ <Ce ~/ ' (t - r)'^-^ 

<Cet-^l\t-rY (6.29) 

for (t, x) G Ar,/j. 

To sum up the estimates fl6.27p . fl6.28p and (16. 29 p . we arrive at 

\du(t,x) - Cj{x)t-^'^Pi\ogt,r -t,uj)\ < C6t^^-^^/^\t - r)~^^ (6.30) 

for (t,x) G At,/?. In order to extend (I6.30p outside of At^r, we just have to 
extend the definition of Pq by setting PQ{a,u) = for cr > i?. Indeed, both 
u{t,x) and P(logt, r — t,uj) vanish for |x| > t + R. On the other hand, if 
r < t/2 or 1 < t < 2, we have 

\du{t,x)\ < Cet-^/\t - ry-^ < Cet^'^'"^\ (6.31) 

and 

t-^'^\P{\ogt,r -t,u)\ <Cet-^'^{t-rY-^ < Cet'^-^^/^). (6.32) 

Therefore flCTj) is vahd for all {t,x) G [1, oo) x which shows This 
completes the proof. □ 

7. Proof of Corollary 12.21 

Let the assumptions of Corollary I2.2l be fulfilled. Suppose that we have (14. ip 
for some i? > 0. Then we get (14. 2p . We always assume t >2 throughout this 
proof. Since we have R+\t-r\< ^2(1 + B){t - r), fl230|) leads to 

\du{t,x)\ <Cr^'^mm{{\ogtY^'\e{R+\t-r\Y'^}, (7.1) 

where r = \x\. 

We put m^{t) := £:^/*^^~^)(logt)"^/*^^^^'^''. Here 771^(1) is chosen so that we have 
e{R + t - r^-'^ = em^{tY-^ = (logt)"^/^ for r = t + i? - m^it). For small 
£ > we have < me{t) < t, and we get < t + - me{t) < t + R. Then it 
follows from that 

||n(t)||| = i/ \du{t,x)\^dx = h + h, 

where 



Ii = l- f \du{t,x)\'^dx, h = 7: [ \du{t,x)\'^dx. 

^ J\x\<t+R-meit) ^ J t+R-me{t)<\x\<t+R 
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Note that we have t^V < f-^'^t + R) < 1 + R/2 for < r < t + R. Hence, 
switching to the polar coordinate, we get from (17. ip that 

h <Ce^ / t-\R + |t - rlf'-^dr 

Jo 

Jo 

Similarly it follows from f l7.ip that 

rt+R 

h <C / t-^{\ogtY\dr 

Jt+R-me{t) 

<C(logt)"^ / dr = (log t)" 53271. 

Jt+R-me (t) 

This completes the proof. □ 
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